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∗ Instituto de Investigaciones en Matemáticas Aplicadas y en Sistemas,
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Abstract: It is well known that in physical implementation of control systems delays are induced
in the dynamic of the system. Specifically, time is consumed through communication between
electronic devices. Therefore, control theory requires algorithms capable of maintaining the
stability of the system even if delays in the feedback are significant. So, in this work, we show
that by means of a pulse control signal, we can enlarge the classic Maximum Allowable Delay
Bound (MADB) on sampled-data systems. Experimental results are presented to prove the
effectiveness of our technique.
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1. INTRODUCTION

It is well known that the communication between
devices on control systems induces delays in the dynamic
of a system. Because of this, control theory has required
novel techniques to analyze the stability of the system
if delays are significant. In the past, this problem led to
development of discrete control theory, where constant
sampling and unmodified control signal throughout the
sampling period are considered. However, in physical
implementation of control system, these requirements are
difficult to satisfy and only specialized communications
are able to ensure constant sampling. In the market,
some of the most popular networks for communication
of control systems are CAN, Profibus, etc.

On the other hand, the search for effective tech-
niques that allow us to communicate a big quantity of
electronic device has caused the expansion of commu-
nication networks (this is the case of networks such as
Ethernet/Wireless TCP/IP and Bluetooth). The major-
ity of these networks are not specialized in control task,
however they are an inexpensive alternative to implement
systems of automatic control. The main disadvantages
of these networks are that they neither guarantee con-
stant sampling nor ensure that feedback is received before
any temporary bound. So, to achieve implementation of
control system over these networks, novel techniques are
required to gain robustness against time delays.

An important observation is that the operation of
control systems over any communication network requires
that we know the maximum allowable delay bound of
the system (MADB) Yue et al. [2004]. The MADB is the
maximum delay that the system can experience without
lossing its stability. This bound is important in networked
control systems and sampled-data systems since allow
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us to design optimal sampling that guarantees a proper
operation of control systems. In this sense, a system with
a large MADB can be advantageous, since its stabilization
will require less flow of information over the network.

At present, the classic MADB is estimed under the
assumption of constant control throughout sampling pe-
riod. Different to this assumption, in this paper we present
a novel technique that allows to the system to remain
stable for larger sampling periods than ones established
by discrete theory. Our technique is inspired by the be-
havior of impulsive systems where control signal is applied
only in certain times called rise-time, and is removed
during time intervals called dwell-time. This means that
stabilization of impulsive systems do not require feedback
of information during the dwell-time, behavior wich can
be used to compensate losses of information in networked
control systems and sampled-data systems. The evident
drawback of this type of stabilization is its physical imple-
mentation. For this reason, our novel technique consists
in stabilizing a sampled-data system by means of a pulse
control signal rather than an impulsive signal.

This work is organized as follows. In section 2, we
introduce some definitions used in this work. In section 3,
the problem statetement is presented. Analysis stability is
presented in section 4. Then, to validate the effectiveness
of our technique, in section 5 a experimental result is
presented. Finally, in section 6 conclusions are presented.

2. PRELIMINAR DEFINITIONS

Usually, in sampled-data systems, a ZOH is used to
mantain unmodified the control signal u(t) throughout
the sampling period and is only modified at the sampling
time. We define these instants as control update times.

Definition 1. (Control update time tk). Let be k =
1, 2, 3, ... We call tk, the control update time, at the time
in wich sampling and control signal update take place (at
the same instant).
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Based in the previous definition, we define the control
update delay.

Definition 2. (Control update delay τ(t)). We define
the control update delay as

τ(t) = t− tk, ∀ t ∈ [tk, tk+1).

Now, let be Tk = tk+1− tk for all k. So, if Tk+1 = Tk,
we have the case of synchronous (constant) sampling, and
if Tk+1 6= Tk we have the case of asynchronous sampling.
In this work we consider constant sampling so that we
shall denote T = tk+1 − tk for all k. Then, for all t in
[tk, tk+1), it follows that

(1) τ(t) ∈ [0, T )
(2) sup τ(t) = T .

On the other hand, it is well know that a sampled-
data system loses its stability if τ(t) grows beyond any
bound T̄ . We call this bound the Maximum Allowable
Delay Bound (MADB).

Definition 3. (Maximum allowable delay bound). Let
Sσ be the set of all sampling periods that destabilize a
sample-data system (σ). Thus, MADB of sample-data
system σ is the infimum of the set Sσ, i.e.

MADB(σ) = inf Sσ.

3. PROBLEM STATEMENT

According to definition 1, the dynamic of a linear
sampled-data system showed in Figure 1, it can be written
as

ẋ(t) = Ax(t) +Bu(t), ∀ t ∈ [tk, tk+1), (1)

where A and B are constant matrices. Thus, our control
problem consists of analyzing the stability of system (1)
when A is not Hurwitz, and the control signal u(t) is given
by

u(t) =

{

K̄x(tk), if t ∈ [tk, t0),
0, if t ∈ [t0, tk+1),

(2)

where K̄ is a stabilizing state feedback gain, x(tk) is the
sampled-data acquired at time t = tk, and t0 ∈ [tk, tk+1).

Note that by definition 2, x(tk) = x(t − τ(t)) ∀ t ∈
[tk, tk+1). This shows the relationship between sampled-
data sytems and time-varing delay systems. Because of
this, stability of system (1)-(2) can be analyzed either by
Lyapunov functions if x(tk) is considered or by Lyapunov-
Krasovskii functionals if x(t− τ(t)) is considered.
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Figure 1. Sampled-data control.

In the next section, we analyze the stability of system
(1)-(2) using Lyapunov-Krasovskii functionals. Although
our analysis is similar to methods presented in Yue et al.
[2004]; Naghshtabrizi et al. [2008]; Fridman [2010]; Seuret
[2012], it is necesary to describe our analysis procedure as
follows.

The standard Lyapunov method consists of the exis-
tence of a positive definite functional ν(xt, t) on [tk, tk+1),

such that ν̇(xt, t) < 0 for all τ(t) < T = tk+1 − tk, along
the solution x(t) of system (1)-(2) as is showed in Figure
2. Now, if we select t0 ∈ [tk, tk+1), the evolution of ν̇(xt, t)
in the interval [t0, tk+1) can be written as

ν̇(xt, t) = ν̇0 + δν̇(t). (3)

Here, ν̇0 represents the derivative of ν(xt, t) at t = t0,
and δv̇(t) is a variable that increases ν̇(xt, t) on [t0, tk+1).
In the analysis of the following section, we assume that
at time t = t0, the control signal u(t) is removed as we
proposed in equation (2). So, the term δν̇(t) will represent
the free evolution of ν̇(xt, t) on [t0, tk+1) and ν̇0 will
represent its initial condition at t = t0. In our stability
analysis on section 4, we establish equation (3) and deduce
stability conditions.

tk

u(t)

t0 tk+1 tk+2

Figure 2. Behavior of functional ν(xt, t) in the interval
[tk, tk+1) when constant control is applied throughout
sampling period. Note that ν̇(xt, t) → 0 when t →
t−k+1.

4. STABILITY ANALYSIS

We present the following proposition.

Proposition 1. The system (1)-(2), is asymptotically
stable if there exist P > 0, U > 0, such that the following
inequalities are satisfied

ΓT
0 PΓ0 − P < 0 (4)

Π0 + hΠ1 < 0 (5)
[

Π0 hN̄
∗ −hU

]

< 0 (6)

where
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∈ R
2n×n

h > 0, h0 = t0 − tk, Γ0 = Ā + B̄K̄, Ā = e
Ah0 , B̄ =

∫

t0

tk

e
As

dsB.

Proof. We shall establish equation (3). So, we must
estimate the terms ν̇0 and δν̇(t). First we estimate δν̇(t).
Consider the functional

ν(xt, t) = xT (t)Px(t) + (h− τ0(t))

∫ t

t0

ẋT (s)Uẋ(s)ds,

(7)

∀ t ∈ [t0, tk+1),



where τ0(t) = t − t0, P > 0, U > 0, and h > 0. Deriving
this functional we have

∂ν

∂t
= 2ẋT (t)Px(t) + (h− τ0(t))ẋ

T (t)Uẋ(t)

−

∫ t

t0

ẋT (s)Uẋ(s)ds.

Then, usign the following inequality

ẋT (t)Uẋ(t)− 2εTNẋ(t) + εTNU−1NT ε > 0

with ε ∈ R
2n×1, N ∈ R

2n×n, U > 0, it follows that

∂ν

∂t
< 2ẋT (t)Px(t) + (h− τ(t))ẋT (t)Uẋ(t)

− 2εTN(x(t)− x(t0)) + εTNU−1NT ε

with ε = col{x(t), x(t0)}. Now, replacing the free dynamic
ẋ(t) = Ax(t) and N = col{N1, N2}, we get

∂ν

∂t
< εT

[

PA+ATP −N1 −NT
1 N1 −NT

2

∗ N2 +NT
2

]

ε

+ (h− τ(t))εT
[
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ε
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It should be obvious that δν̇(t) = ∂ν
∂t
.

Now we estimate ν̇0. Since from tk to t0 constant
control is applied, ν̇0 can be approximate by

ν̇0 ≈
1

h0
[xT (t0)Px(t0)− xT (tk)Px(tk)]

=
1

h0
xT (tk)[Γ0PΓ0 − P ]x(tk). (9)

where h0 = t0 − tk, and Γ0 is the discrete operator that
transforms x(tk) → x(t0). So, inequality (4) ensures that
ν̇0 < 0.

Now, replacing approximations (8) and (9) on (3),
remembering that x(t0) = Γ0x(tk), and defining ε̄ =
col{x(t), x(tk)}, we get

ν̇(xt, t) <
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]

U−1

[

N1

ΓT

0
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]

T

ε̄. (11)

Finally, to guarantee asymptotical stability, the righ
hand-side of the latest inequality must be negative from
τ(t) = 0 to τ(t) = h. This yields to the inequalities (5)
and (6). �

Similar functionals to (7) are common in the analysis
of retarded systems, see for example Fridman [2014];
Kharitonov [2012]; Hale and Lunel [1993]. It is important
to make some remarks about the previous analysis.

(a) Our stability analysis differs from traditional in the
sense that control signal K̄x(tk) is modified on
[tk, tk+1). Up to now, stability analysis had consid-
ered that control signal K̄x(tk) was unmodified on
[tk, tk+1).

(b) The problem of conservatism was not addressed in
this work. The simple functional (7) was used only for
the purpose to test stability of our technique control.

(c) Terms in functional (7) are inspired by functionals
proposed in Naghshtabrizi et al. [2008]; Fridman
[2010]; Seuret [2012]. Original terms would form the
following functional

ν(xt, t) = xT (t)Px(t) + (h− τ(t))

∫ t

tk

ẋT (s)Uẋ(s)ds,

(12)

∀ t ∈ [tk, tk+1),

where τ(t) is given by definition 2, and we emphasize
that control signal is considered constant throughout
interval [tk, tk+1). Note that functional (7) differs
from functional (12) only by the interval in which
are defined. If t0 = tk, then functionals (7) and (12)
would be the same.
Indeed, it is worth to argue about the structure of

functional (12). The first term xT (t)Px(t) is common
in discrete and continuos analysis. On the other hand,
the second term has the property that at times t = tk
is cancelled as shows Figure 3. This behavior implies
that changes in level surfaces (“energy levels”) in
the states space are only measure by the first term,
i.e. ν(x(tk)) = xT (tk)Px(tk) ∀ k. Seuret pointed out
it is an equivalence between discrete and continuos
analysis Seuret [2012]. Following this idea, we have
approximated ν̇0 as in expression (9).

(d) Control signal (2), implies that sampling period is
given by T = h0 + h, and MADB is the maximum T
such that the system is stable.

tk
tk+1 tk+2

Figure 3. Evolution of the term (h−τ(t))
∫ t

tk
ẋT (s)Uẋ(s)ds

on t ∈ [tk, tk+1). Terms with this behavior are defined
as “looped functionals” in Seuret [2012].

Example 1 Using proposition 1 and different widths of
pulse control signals, we can estimate the MADB for
linear sampled-data systems. Suppose that the matrices
of a linear sampled-data system (1) are

A =

[

0 1
−1 1

]

, B =

[

0
0.1

]

, K̄ = [3.9727 −23.7570] .

(13)
For this system, by appliyng classic techniques of digital
control, one can find that system (13) becomes un-
stable for sampling periods greater than 0.83[s]. Thus
MADB ≈ 0.83[s]. Using proposition 1, Table 4 contains
MADBs estimated for system (13) when we use a con-
trol pulse signal to stabilize the system. Results in Table
4 show that with pulse widths h0 shorter than the clas-
sic MADB (0.83[s] in this case) one can get enlarge the
MADB. Also note that when h0 ≈ classic MADB, we



recover the discrete case andMADB = classic MADB.
In fact, Figure 4 shows that system (13) is remains
stable when the sampling period is T = 1.3[s].

Example 2 Now consider the system (Yue et al. [2004])

A =

[

0 1
0 −0.1

]

, B =

[

0
0.1

]

, K̄ = [−3.75 −11.5] .

(The stability of this system has been studied in Frid-
man [2010] and Naghshtabrizi et al. [2008] via Lya-
punov functionals) In this case, the standard appli-
cation of signal control yields that system becomes
unstable for samplings greater than 1.7[s]. On the other
hand, appliyng a control pulse signal, by Proposition
1, one can get a MADB of 2.7[s] for a pulse width of
h0 = 1.5[s]. In this particular case, the application of
control pulse signal can lead to very large MADBs as
the reader can verify.

Table 1. MADBs estimed by proposition 1.
“h0” represent the pulse width.

h0[s] estimated MADB[s]

0.3 0.76
0.4 1
0.5 1.27
0.6 1.3
0.7 1.01
0.75 0.79
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Figure 4. Stabilization of the system (13) when sampling
period is T = 1.3[s] and the pulse width is h0 = 0.5[s].

5. EXPERIMENTAL RESULT

In order to validate the effectiveness of our technique,
we tested it in a experimental plant. In Castillo Gtz.
[2015] we have designed a control system which regu-
lates the orientation roll (φ), pitch (θ), and yaw (ψ)
of a quadrotor Quanser 3 DOF Hover. The tests con-
sisted of operating the system around the operating point
(φ, θ, ψ) = (0, 0, 0), and switchs the regulation from
(0, 0, 0) until (0, 0, 20◦). In that region, the quadrotor
behaves as a linear system Castillo Gtz. [2015]. The
system performance are shown in Figures 5 and 6. In
Figure 5 constant control is applied throughout sampling
period of 1[ms]. Figure 6 shows the performance when
the sampling period is 60[ms]. Last figure shows that a

control pulse signal improves system performance when
the control update delay τ(t) is large.
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Figure 5. Quadrotor performance when sampling period
is 1[ms] and constant control is applied throughout
sampling period.
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Figure 6. Quadrotor performance when the sampling pe-
riod is 60[ms]. From 0[s] to 40[s] constant control
is applied throughout sampling period. From 40[s] to
80[s] a pulse control signal with a pulse width of
24[ms] is applied.

6. CONCLUSION

In this work, we have proposed the stabilization
of sampled-data systems by means of a pulse control
signal, and we have obtained stability conditions for our
control technique. Examples in this report, shows that
our technique is able to enlarge the classic MADB of a
sampled-data system. However, at this time we can not
ensure that it has the same effect on any linear system.
In future work we will address this issue.
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